We investigate the effects of topological constraints (entanglements) on two-dimensional polymer loops in the dense phase, and at the collapse transition (Θ-point). Previous studies have shown that in the dilute phase the entangled region becomes tight, and is thus localised on a small portion of the polymer. We find that the entropic force favouring tightness is considerably weaker in dense polymers. While the simple figure-eight structure, created by a single crossing in the polymer loop, localises weakly, the trefoil knot and all other prime knots are loosely spread out over the entire chain. In both the dense and Θ conditions, the uncontracted-knot configuration is the most likely shape within a scaling analysis. By contrast, a strongly localised figure-eight is the most likely shape for dilute prime knots. Our findings are compared to recent simulations.
Introduction
Knots, and topological constraints in general, play an important role in macromolecular systems. In gels and rubbers, permanent entanglements strongly influence the equilibrium and relaxation properties [1] [2] [3] [4] . Even single molecules with identical chemical structure but different topology may exhibit different physical properties [5] . Knots are also present in biological molecules: For example, some proteins exhibit knotted configurations [6] , and the active modification of DNA knots through energyconsuming enzymes (topoisomerases) poses interesting challenges to the issue of the knot detection [7, 8] . Experimentally, the observation of individual molecules by single-molecule force spectroscopy has come of age [9, 10] ; these methods can be used to probe the mechanical behaviour of knotted biopolymers directly.
Given a knot in a closed ring, an obvious question is whether, on average, the knot segregates into a small region in which all topological details are confined, and a large, simply connected segment; or whether it is loosely spread over the entire chain. In the dilute phase, it has been found by numerical evidence that flattened (hence a e-mail: hanke@theo2.physik.uni-stuttgart.de b e-mail: metz@nordita.dk two-dimensional [11]) knots are localised, i.e. tight [12] . In a previous study [13] , we developed an analytical approach, based on scaling results for polymer networks [14, 15] , which explains and quantifies the tightness of any prime knot in flat (2D) dilute polymer loops. Some aspects of our results have been verified experimentally by means of a vibrated granular chain [16] . It should be mentioned that DNA chains have experimentally been flattened by adsorption on an adhesive membrane [17] . In 3D, the global topological constraints of a knot are hard to implement by analytical methods [18] . (A simpler topological invariant, the linking number of closed DNA rings, can be incorporated in the mapping to a field theory [1] by means of suitable gauge fields [19] .) Consequently, the tightness or localisation of 3D knots has not been conclusively characterised. A number of phenomenological models and numerical studies support the localisation of simple knots [20] . Tightness has also been found in 3D sliplinked polymer chains in the dilute phase [21] . Conversely, delocalisation has been predicted for more complicated knots [22] .
In many situations, however, polymer chains are not dilute. Polymer melts, gels, or rubbers exhibit fairly high densities of chains, and the behaviour of an individual chain in such systems is significantly different compared 348
The European Physical Journal E to the dilute phase [1, 2] . Similar considerations apply to biomolecules: In bacteria, the gyration radius of the almost freely floating ring DNA is often larger than the cell radius itself. Moreover, under certain conditions, there is a non-negligible osmotic pressure due to vicinal layers of protein molecules, which tends to confine the DNA [23] . In protein-folding studies, globular proteins in their native state are often modelled as compact polymers on a lattice (see [24] for a recent review).
Given this motivation, in this work we consider self-avoiding dense polymers with permanent entanglements, complementing our previous studies for the dilute phase [13, 21] . A polymer is considered dense if, on a lattice, the fraction f of occupied sites has a finite value f > 0. This can be realised by a single polymer of total length L inside a box of volume V and taking the limit L → ∞, V → ∞ in such a way that f = L/V stays finite [25, 26] . Alternatively, dense polymers can be obtained in an infinite volume through the action of an attractive force between monomers. Then, for temperatures T below the transition (Theta) temperature Θ, the polymers collapse to a dense phase, with a density f > 0, which is a function of T [26, 27] . For a dense polymer in d dimensions, the exponent ν, defined by the radius of gyration R g ∼ L ν , is simply ν = 1/d. In 2D, the dense polymer phase for 0 < f < 1 is related to a conformal field theory, and the resulting scaling behaviour is known exactly [25, 26, 28] . The limit f = 1 is realised in Hamiltonian paths, where a random walk visits every site of a given lattice exactly once. For some cases, their scaling behaviour is known exactly as well [29, 30] . Another way to make polymers collapse in 2D is to exert a pressure on self-avoiding loops (2D vesicles), conjugate to their area, which results in double-walled, branched structures [31, 32] . Recently, the corresponding crossover scaling function from linear to branched polymers (lattice animals) has been obtained exactly [33] . It is believed that the branched and dense polymer phases are different.
Here, we extend our previous scaling analysis of knots in dilute polymers [13] to the dense phase, and at the Θ-point. The general conclusion is that the entropic mechanism for tightening of entanglements is considerably weaker in the denser regimes. While the simple figureeight structure is still tight in these phases, the trefoil becomes loose, with the trends more pronounced in the dense phase. Note that at the Θ-point in 2D, the swelling exponent is ν = 4/7, implying a fractal dimension 1/ν smaller than d = 2, and an asymptotic density of f = 0. In a recent numerical study, Orlandini, Stella, and Vanderzande [34] (hereafter referred to as OSV) investigate the tightness of the 2D projection of the trefoil knot, and find delocalisation, in contrast to the strong localisation obtained in the dilute case [13] .
The main focus of this work is thus the localisation of flat entangled polymers in the dense phase and at the Θ-point by means of scaling arguments, in analogy to the dilute case [13] . When possible, we compare these results with our own numerical simulations, as well as those by OSV. In Section 2 we first review the differentiation between tight (localised) and loose (delocalised) segments in entangled polymers. In Section 3 we then consider the 2D figure-eight structure (F8) and compare our scaling results with Monte Carlo simulations. In Section 4 we derive the scaling results for the 2D projection of the trefoil, and compare them with the simulations by OSV. Section 5 contains our conclusions. In Appendix A we compile some scaling results for general polymer networks. Finally, at the end of Appendix A, we consider briefly a newly discovered phase of 2D dense polymers where the strict noncrossing condition is relaxed [28] .
Tight and loose segments
Consider an entangled polymer chain in 2D of length L, such as a simple flat, once-twisted ring with one crossing (called "figure-eight" (F8), see position III in Figure 1 top row) or the 2D projection of the trefoil pressed flat against a surface by an external force (Fig. 1) [11] . The orientations of the crossings are irrelevant, and can thus be considered as vertices with 4 outgoing legs. Thus, each structure is mapped on a 2D polymer network with a number of vertices which are joined by N segments of variable
In the following we shall use the convention
Since we are interested in the tightness of such a network, we define the size of the entangled region as = N −1 i=1 s i so that the remaining (largest) segment is s N = L − . Clearly, for the F8, N = 2 and = s 1 , while for the trefoil N = 6 and = 5 i=1 s i . Note that the above definition does not necessarily imply that is small; however, if L, the structure assumes the form of a possibly multiply connected knot region of size and a large simple loop of size L − . For a knot represented by the network G, an important quantity is its number of configurations ω G ( , L) for fixed . In general, in the tight limit L, the configuration number scales as a power law:
where the exponent c G depends on the topology of the network G 1 . For given ω( , L), various quantities of interest can be calculated. For example, the mean size of the knot region is given by
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